Abstract. We present Bernstein-Sato identities for scalar-, spinor-and differential form-valued distribution kernels on Euclidean space associated to conformal symmetry breaking operators. The associated Bernstein-Sato operators lead to partially new formulae for conformal symmetry breaking differential operators on functions, spinors and differential forms.
progress in establishing concrete and explicit formulas for natural integral and differential operators exhibiting some form of conformal invariance. Here a key concept is that of A. Juhl's residue families [J09] in the framework of conformal geometry and T. Kobayashi's symmetry-breaking operators [KS15] in representation theory.
In this paper we collect and extend many formulas related to distribution kernels for both integral and differential operators in the three basic situations of functions, spinors, and differential forms. We shall treat both the absolute case of the conformal group, as well as the relative case of the conformal groups of Euclidean space and a coordinate hyperplane, i.e. the case of conformal symmetry-breaking operators. As it turns out, there is a series of natural identities based on some partly new second-order operators which are termed in the present article Bernstein-Sato operators.
Among the very useful and important ingredients in the theory of meromorphic continuation of families of distributions and the closely related theory of D-modules are the Bernstein-Sato identities, see the seminal paper [Ber71] by J. Bernstein. In particular, they allow to find the precise position of the corresponding poles as well as to encode a recurrence structure for the residues in the distribution family under consideration.
In recent years there appeared several approaches to a classification scheme for conformally covariant differential operators P 2N , / D 2N +1 and L
2N (acting on functions, spinors and differential p-forms) on semi-Riemannian (spin-)manifolds, cf. [GJMS92, GMP12, BG05] . Furthermore, the operators P 2N and / D 2N +1 were extended to a theory of 1-parameter families of conformally covariant differential operators [J09, FS14] , nowdays known and termed as the residue families. These correspond to the relative case. Concerning differential forms, not much is so far known and available in the literature.
The above mentioned operators (P 2N , / D 2N +1 and L (p) 2N ) on Euclidean space R n arise as residues of Knapp-Stein intertwining integral operators for certain families of induced representations of conformal Lie groups, cf. [KS71] . These operators are 1-parameter families of pseudo-differential convolution operators with respect to Riesz distributions on functions ( [Rie49] ), spinors ( [CØ14] ) and differential forms ( [FØ17] ), respectively.
One may also study Knapp-Stein type operators associated to a pair of conformal Lie groups (the relative case); these form a 2-parameter family of distributions, see [KS15, MØ17, K17] . They are termed conformal symmetry breaking operators, and are intertwining integral operators acting on principal series representations (realized for example in the non-compact picture) for the action of conformal Lie algebras on R n and R n−1 , respectively. Their residues are given by 1-parameter families of equivariant differential operators termed conformal symmetry breaking differential operators. Note that these conformal symmetry breaking differential operators are just specific cases of residue family operators. The conformal symmetry breaking operators were studied in a more general context, e.g. the case of conformal Lie groups for R n and R n−m with 1 ≤ m ≤ n − 1 is discussed in [MO15] . However, curved generalizations of the residue families, both of co-dimension one, and of higher co-dimensions, are not yet properly understood. One of the motivations for the present paper is to gain a better understanding of the model (flat) case in order to undertake a subsequent study of the curved generalizations, related to AdS/CFT and the corresponding Poincare-Einstein geometry.
Thus in the present paper, we prove Bernstein-Sato identities for distribution kernels of the three basic types of conformal symmetry breaking operators: scalar-valued (acting on D ′ (R n ))
and differential form-valued (acting on D ′,p (R n ))
We use the notation λ, ν ∈ C, x = (x ′ , x n ) ∈ R n with x ′ ∈ R n−1 , x· for the Clifford multiplication with the vector x ∈ R n , and i x , ε x are the interior and exterior products with respect to x on differential forms. Our convention for the distribution kernels are as duals to what they are considered as in the standard literature mentioned above. This choice is justified by the use of Fourier transform, which is applied to these distribution kernels directly without further dualization and leads to generalizations of singular vectors studied in [KØSS15, FJS16, KKP16] .
The proposal to find Bernstein-Sato operators of interest in the context of conformal symmetry breaking operators was initiated in [PS15] , where certain shift operators for Gegenbauer polynomials regarded as the residues of Fourier transformed K ± λ,ν (x ′ , x n ) are studied. Later on, a more sophisticated approach was suggested in a private communication by J.L. Clerc. Moreover, the Bernstein-Sato operators are themselves intertwining operators for the relevant conformal Lie groups. Concerning detailed notation and intertwining results we refer to [C16, C17] .
Our paper is structured as follows. In Section 2, we fix the notation and recall fairly standard results related to Riesz distributions on functions, spinors and differential forms.
In Section 3, we present a construction of Bernstein-Sato type operators for functions P (λ), (3.5), spinors / P (λ), (3.12), and differential forms P p (λ), (3.21). Furthermore, we show that they satisfy a Bernstein-Sato identity on the space of distribution kernels for functions in Theorem 3.5, spinors in Theorem 3.12, and differential forms in Theorem 3.19, respectively.
In Section 4, we comment on the origin of the constructed Bernstein-Sato operators (it is interesting that they have several, a priori quite different definitions) and discuss some applications to the conformal symmetry breaking differential operators on functions, spinors and differential forms. The construction results in known formulas for conformal symmetry breaking differential operators on functions, cf. Theorem 4.2, and new formulas for conformal symmetry breaking differential operators on spinors and differential forms, see Theorems 4.6 and 4.9.
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Preliminaries
Let R n be equipped with the canonical flat metric ·, · . We collect some basic known facts concerning tree types of Riesz distributions: for scalars [Rie49, GS64] , spinors [CØ14] and differential forms [FØ17] .
We denote by S(R n ) the algebra of Schwartz functions on R n and follow the convention for the Fourier transform [GS64] on Schwartz functions f ∈ S(R n ):
which also extends to the space of tempered distributions S ′ (R n ). Note the identity
dy denotes the convolution of Schwartz functions f and g. This normalization of the Fourier transform is chosen in such a way that F (δ 0 ) = 1, where δ 0 is the Dirac distribution centered at the origin. Recall that for a polynomial P in n variables we have the identities
for f ∈ S(R n ). The Fourier transform F extends to the space of spinor-valued and differential formsvalued Schwartz functions (as well as the tempered distributions), i.e., / S(R n ) and
, and will be denoted by F as well.
where λ ∈ C. It is an analytic function in the complex half-plane ℜ(λ) > −n. Due to the Bernstein-Sato identity
where ∆ = n k=1 ∂ 2 k , the meromorphic continuation (with simple poles at λ = −n − 2k for k ∈ N 0 ) of r λ (x) to λ ∈ C follows. Let us introduce a meromorphic function
and the standard notation for the Pochhammer symbol
for n ∈ N and a ∈ C. Then a classical result states Proposition 2.1 The Fourier transformation of r λ (x) is given by
Based on the Bernstein-Sato identity (2.3) and a knowledge of the residue for r λ (x) at λ = −n, see [GS64] , we get immediately Corollary 2.2 The residue of r λ (x) at λ = −n − 2k for k ∈ N 0 is given by
Consequently, the residues of r λ (x) are related to GJMS operators
2.2. Riesz distribution for spinors. We proceed with the Riesz distribution for spinors on (R n , ·, · ), see [CØ14] . We write S ± n for the irreducible half-spin representations for even n and S n for the irreducible spin representation in the case of odd n. Then it holds that S ± n ≃ S n−1 for even n, while S n ≃ S + n−1 ⊕ S − n−1 for odd n. Let Σ n be the spinor bundle of (R n , ·, · ) associated to the spin representation S n for odd n, respectively S + n for even n. The Clifford multiplication · is normalized by x·y +y ·x = −2 x, y for x, y ∈ R n . The action of the Dirac operator on spinor fields ϕ ∈ Γ(Σ n ) is locally, with respect to the standard basis {e k } of R n , given by
We use the identification of a point x ∈ R n with a vector in R n , and define the End(Σ n )-valued distribution called the Riesz distribution for spinors:
In the region ℜ(λ) > −n, (2.5) is an analytic function and satisfies the Bernstein-Sato identity
In turn, the equation (2.6) implies meromorphic continuation of / r λ (x) to the complex plane C with simple poles at λ = −n − 1 − 2k for k ∈ N 0 .
The Fourier transform preserves the family of Riesz distributions for spinors.
Proposition 2.3 The Fourier transform of / r λ (x) is given by
where / c λ def
.
Since we could not find its proof in the literature, we shall supply it here.
Proof. Starting on the right side of (2.7) and using Proposition 2.1 together with the fact that ξ · F (ϕ)(ξ) = iF ( / Dϕ)(ξ), we compute
We choose a scalar product on ·, · Σn on spinors, and also a constant spinor φ. Then we have
and therefore
The proof is complete.
Finally, we recall the residues of / r λ (x), see [CØ14, Proposition 6 .3], which correspond to (odd) conformal powers of the Dirac operator
Proposition 2.4 The residue of / r λ (x) at λ = −n − 2k − 1, for k ∈ N, is given by
2.3. Riesz distribution for differential forms. We consider differential forms on R n . As in the previous section a point x ∈ R n is also regarded as a vector. The inner and exterior products with respect to the vector x are denoted by
respectively. The exterior differential, its co-differential and the form Laplacian act on differential p-forms
while similar operators on Ω p (R n−1 ) are denoted by d ′ , δ ′ and ∆ ′ p , respectively. Now, the Riesz distribution on differential forms [FØ17] is defined by
In the region ℜ(λ) > −n of C it is an analytic function and satisfies the following Bernstein-Sato identity
This implies the meromorphic continuation of R λ p (x) to λ ∈ C with simple poles at λ = −n − 2k for k ∈ N 0 . We shall introduce
Finally, we recall that the residues of R λ p (x) correspond to the Branson-Gover operators on R n .
Proposition 2.6 Let k ∈ N 0 . Then the residue of R λ p (x) at λ = −n − 2k is given by
Bernstein-Sato identity and operator
In the present section we shall prove some Bernstein-Sato identities for distribution kernels associated to conformal symmetry breaking operators [KS15, MØ17, K17] . By an abuse of notation, we introduce these distribution kernels as adjoints to those appearing in the references. The main impact of this choice is that taking Fourier transform of these distribution kernels leads to a direct contact (without any further dualisation) with a generalized version of singular vectors studied in [KØSS15, FJS16, KKP16] .
3.1. Bernstein-Sato identity and operator in the scalar case. In this section we prove Bernstein-Sato identity for the distribution kernels associated to conformal symmetry breaking operators acting on functions:
For a detailed analysis of their meromorphic behavior with respect to (λ, ν) ∈ C 2 , see [KS15, MØ17] .
A method of finding Bernstein-Sato operators, which we follow and which we briefly recall, is based on the discussion in [C16, C17] . The Knapp-Stein intertwining operator for conformal Lie group, acting on density bundle induced from the character γ, is given by
where f ∈ S(R n ). It follows from Proposition 2.1 that
Furthermore, we define the multiplication operator
Remark 3.1 We note that both I γ and M xn are intertwining operators for the conformal Lie groups on R n and R n−1 , respectively. For more details we refer to [C17] .
Now we define the operator
The next statement is remarkable due to the fact that (3.4) is a composition of pseudodifferential operators, cf. Clerc [C17] .
We recall its proof.
Proof. In the Fourier image, we compute
The identity
which completes the proof.
By virtue of Proposition 3.2, we define the second order differential operator on tempered distributions (notice the shift of the parameter λ)
Note that by Leibniz's rule we have
Remark 3.3 The operator P (λ), acting on tempered distributions on R n , is an intertwining differential operator for the conformal Lie group on R n−1 , cf. Remark 3.1. The same holds for its iterations used in later sections.
By the identities in [GS64],
a straightforward computation reveals the following result.
From this Lemma we may conclude
Theorem 3.5 The operator P (λ) is a spectral shift operator for distribution kernels
Proof. From Lemma 3.4 we obtain
Then for λ ′ def = λ we conclude
while for λ
we get
Remark 3.6 Assuming the coefficients A, B by ∂ n and ∆(x n ·) in the formula (3.5) are not known, i.e.,P (λ) def = A∂ n + B∆(x n ·). Then the system of equations
, has a unique solution given by
This agrees with Theorem 3.5, i.e.,P (λ) = P (λ).
Remark 3.7
We notice that K
2), as follows. Once we set λ
Then Theorem (3.7) implies a distributional identity
which is equivalent in the light of P (
Hence we recover the Bernstein-Sato identity (2.3) for the Riesz distribution r µ (x), i.e.,
3.2. Bernstein-Sato identity and operator in the spinor case. In the present section we prove a Bernstein-Sato identity for distribution kernels associated to conformal symmetry breaking operators acting on spinors:
Similarly to the scalar case, we introduce a Bernstein-Sato operator for / K ± λ,ν (x ′ , x n ). First, we recall the Knapp-Stein intertwining operator in the non-compact realization of the induced representation of conformal Lie group on spinors [CØ14] :
where ϕ ∈ / S(R n ). By Proposition 2.3, it follows
and as in the scalar case we define the operator
with M xn acting by the scalar multiplication.
Theorem 3.8 The operator / D(λ) in (3.10) is a differential operator of order 2, i.e.,
where ϕ ∈ / S(R n ) and/ c λ def = / c −2λ−2 / c 2λ−2n .
Proof. As in the scalar case, we need to understand the right hand side of
it equals to
and the proof is complete.
Inspired by the previous Theorem we define, by a shift of the parameter λ, the operator
Remark 3.9 Using the identity
we can write
e k · ∂ k is the tangential Dirac operator and P (λ) is the scalar BernsteinSato operator, see (3.5).
Remark 3.10
Similarly to the scalar case, the operator / P (λ) is an intertwining differential operator for the conformal Lie group on R n−1 , and so is true for its iterations used in later sections. Now we collect a few basic properties of the distribution kernels / K ± λ,ν (x ′ , x n ) with respect to certain algebraic and differential actions.
Lemma 3.11 The distribution kernels / K ± λ,ν (x ′ , x n ) satisfy the following algebraic and differential identities:
(1)
14)
(3)
Proof. The proof is based on Lemma 3.4, and the identities
x k e k .
To be more concrete, the first result is obvious by definition of / K ± λ,ν (x ′ , x n ). The remaining claim relies on Lemma 3.4 and the Leibniz-rule. For example, we have
while for 1 ≤ k ≤ n − 1 we get
The remaining assertions then follow easily.
Consequently, the previous Lemma implies the following Bernstein-Sato identity for the distribution kernels / K
Theorem 3.12 The operator / P (λ) is a spectral shift operator for the distribution kernels / K ± λ,ν (x ′ , x n ), i.e.,
Proof. The proof is based on Lemma 3.11 and the identity
A straightforward computation shows
Remark 3.13 Regarding the coefficients in equation (3.12) by ∂ n , / D(e n ·) and ∆(x n ·) as unknown, the ansatz for the operator/ P (λ)
leads to the system of equations
The unique solution of this system is given by
which agrees with Theorem 3.12, i.e.,/ P (λ) = / P (λ).
Remark 3.14 The distribution kernels / K ± λ,ν (x ′ , x n ) generalize the Riesz distribution / r λ (x), see (2.5), in the sense that for µ ∈ C with ℜ(µ) > −n it holds
The last theorem implies that
as a distributional identity, which is equivalent to
we obtain
This is the Bernstein-Sato identity for / r µ (x), see (2.6). Independently this follows from / D(r λ−1 (x)) = (λ − 1)/ r λ−2 (x), a coupled Bernstein-Sato identity for scalars and spinors, and / D 2 = −∆.
3.3. Bernstein-Sato identity and operator in the form case. In the present section we prove a Bernstein-Sato identity for distribution kernels associated to conformal symmetry breaking operators on differential forms:
Similarly to the scalar case, we introduce a Bernstein-Sato operator for K (p),± λ,ν (x ′ , x n ). First, we recall the Knapp-Stein intertwining operator in the non-compact realization of the induced representation of conformal Lie group on differential forms [FØ17] :
By Proposition 2.5 we obtain
As in the scalar case we define the operator
Theorem 3.15
The operator D p (λ) in (3.20) is a differential operator of order 2, i.e.,
Proof. In the Fourier image it follows that
The identities
∂ n (r n−2λ−2 (ξ)) = (n − 2λ − 2)ξ n r n−2λ−4 (ξ),
. Now, recalling the explicit form of the coefficients α λ , β λ , cf. (2.11),
This finally implies
Let us renormalize the operator D p (λ) and shift the parameter λ to n − λ:
Remark 3.16 The identities of the form
allow to write
In terms of P (λ), see (3.5), it holds
Remark 3.17
Similarly to the scalar case, the operator P p (λ) is an intertwining differential operator for the conformal Lie group on R n−1 , and so is true for its iterations used in later sections.
Now we present some basic properties of K
Lemma 3.18 The distribution kernels
Proof. The first claim follows from definition (3.19). As for the remaining properties, we use Equation (3.24) and compute the differential actions on both summands separately. We start with some observations. First compute, using Lemma 3.4 and Leibniz's rule, the identities
and conclude
for some endomorphism H of differential forms. Here we denote by
Euler operator and close our observations with
Now it is straightforward to compute
This completes the proof.
Theorem 3.19 The distribution kernels
Proof. We use Equation (3.22) for the operator P p (λ) and Lemma 3.18. The statement is based on collecting terms contributing to K
respectively. This gives
Remark 3.20 Let us define the operator
for some unknown A, B, C, D, E. The equatioñ
is equivalent to the following system for A, B, C, D, E and c
Here the contributions are sorted again according to
Note that in this case the system does not have a unique solution, we could choose either B, C or D as a free parameter. Choosing one of them as in Equation (3.22) will determine the other two and we will recover P p (λ). This observation is a reflection of the fact that in general Bernstein-Sato operators are not unique in contrast with the uniqueness of the Bernstein-Sato polynomial.
Applications of Bernstein-Sato identities and operators
In the final section we highlight different origins of Bernstein-Sato operators. Furthermore, we discuss several applications related to conformal symmetry breaking differential operators [KØSS15, FJS16, KKP16] . As a consequence we shall observe that the Bernstein-Sato operators recover conformal symmetry breaking differential operators for functions, spinors and differential forms by partially new formulas. They differ from the known formulas in their product structure expansion, which gives a nice symmetric way of organizing their rather complicated structure.
4.1.
Origins of the Bernstein-Sato operator -the scalar case. We discuss some other origins of the Bernstein-Sato operator P (λ), see (3.5), for functions (less is known for / P (λ) and P p (λ)). To our best knowledge, there are three other approaches to construct the Bernstein-Sato operator [MØZ16, GZ01, GW15] .
Representation theory: The differential action on the induced representation π ν of the Casimir element C for conformal Lie algebra o(1, n + 1) is given in [MØZ16, Equation 5 .1]:
The relationship to P (λ) is
Note that by Theorem 3.5 we obtain
). Hyperbolic metric: The eigen-equation associated to the Laplace operator for the hyperbolic metric g hyp = x −2 n (dx 2 1 + · · · + dx 2 n ) on the hyperbolic space also induces the operator P (λ), see [GZ01] . In particular,
Here we used ∆ g hyp = x 2 n ∆ − (n − 2)x n ∂ n , where ∆ = 
4.2.
Origins of the Bernstein-Sato operator -the spinor case. In comparison to the scalar case much less is known for the operator / P (λ), see (3.12), in the available literature.
Hyperbolic metric: The eigen-equation associated to the square of the Dirac operator [GMP12] for the hyperbolic metric g hyp = x −2 n (dx 2 1 + · · · + dx 2 n ) also induces the operator / P (λ). In particular, the eigen-equation
, where Σ g hyp n denotes the spinor bundle associated to the hyperbolic space, is equivalent, via conformal covariance (ḡ = dx
where
4.3. Origins of the Bernstein-Sato operator -the form case. In comparison to the scalar and spinor cases even less is known about the operator P p (λ), see (3.21), in the available literature. A potential origin of P p (λ) in the construction of the hyperbolic metric [AG11] seems not to be well established; to our best knowledge this approach leads to an operator different from P p (λ). It is not clear to the authors if this discrepancy can be explained by the non-uniqueness phenomenon mentioned in Remark 3.20.
4.4. Conformal symmetry breaking differential operators for functions. The operator P (λ), see (3.5), recovers conformal symmetry breaking differential operators [J09, KS15, KØSS15] 
which are given by
k denotes the tangential Laplacian for the embedding ι :
As mentioned in the introduction, the families (conformal symmetry breaking differential operators) D 2N (λ) interpolate between GJMS-operators on R n−1 and R n equipped with the flat Euclidean metric, respectively. More precisely it holds
This appearance of GJMS-operators is part of a sequence of factorization identities for D N (λ), see [J09] . Now let us define a family (N ∈ N 0 , λ ∈ C) of differential operators on functions (termed Bernstein-Sato family for functions)
This definition, although used in a different setting, already appeared in [C17] . 
Now we shall discuss the relationship between differential operators D BS N (λ) and D N (λ), see also [C17] where the proof follows from the property of uniqueness of intertwining differential operators. We present a direct proof of this fact.
Theorem 4.2 Let N ∈ N. Then we have
Proof. The proof goes by induction. Recall Example 4.1 for the lowest order relationship. By induction we compute
we may conclude
The remaining statement is proved analogously. The proof is complete.
An immediate consequence of the last result is
Corollary 4.3 Assuming N ∈ N 0 , we have 
We note the appearance of coefficients (4.7).
Another way is based on commutators
and the fact that ι * P (λ) = (n − 2λ + 2)ι * ∂ n . Both approaches computing D BS 2N (λ) are computationally rather tedious and we will not give any more detail here.
4.5. Conformal symmetry breaking differential operators for spinors. Here we discuss how the operator / P (λ), see (3.12), by its iterations recovers conformal symmetry breaking differential operators for spinors
, n odd introduced in [KØSS15] (note the wrong sign of λ in the pre-factor in the reference), and later appearing in [MØ17] . They are given by
where D N (λ) (note that we will mean by ι * just restriction) are the conformal symmetry breaking differential operators (4.6) and / D ′ = n−1 k=1 e k ·∂ k is the tangential Dirac operator.
The family / D 2N +1 (λ) interpolates between conformal powers of the Dirac operator on R n−1 and R n equipped with the flat Euclidean metric, respectively. More precisely, it holds
This appearence of conformal powers of the Dirac operators is part of a sequence of factorization identities for / D N (λ), see [FS14] . Now we define the family for N ∈ N 0 and λ ∈ C of differential operators on spinors (termed Bernstein-Sato family for spinors) by the composition
This definition goes again in the spirit of [C17] . This proves the even-order case. The odd-order case is completely analogous and will be omitted. (λ) interpolate between Branson-Gover operators for R n−1 and R n equipped with the flat Euclidean metric, respectively. More precisely, it holds 
